In part I of this paper, we studied the p-adic absolute CM-period symbol in the completely split case. We presented a conjecture which predicts the exact value of this symbol with supporting evidences. In this part II, we study the properties of this symbol in the general case and clarify its relation to p-adic periods.
Introduction
Let F be a totally real algebraic number field and K be a CM-field which is abelian over F . We fix an embedding F ⊂ C p and let p be the prime ideal of F induced from this embedding. For τ ∈ Gal(K/F ), the p-adic absolute CM-period symbol is defined by the formula
Here we put p h 0 = (α 0 ) with a totally positive α 0 , h 0 being the class number of F in the narrow sense; μ(τ ) = 1 if τ = id, μ(τ ) = −1 if τ = ρ and μ(τ ) = 0 otherwise, where ρ denotes the complex conjugation; G = Gal(K/F ) and G − denotes the set of all odd characters of G; f(χ) denotes the finite part of the conductor of χ; C f(χ)p denotes the ideal class group of F modulo f(χ)p times the product of all archimedean primes; X p (c) is a certain class invariant which is constructed using the division values of the p-adic logarithmic multiple gamma functions. For details we refer the reader to §4 of part I. When p splits completely in K, Conjecture A of part I gives an explicit prediction on lg p,K/F (id, τ) as follows. We extend the embedding F ⊂ C p to an embedding K ⊂ C p and let P be the prime ideal of K lying above p induced from this embedding. Put P h K = (α) where h K is the class number of K. Then the conjecture states that
with a i ∈ Q. Here n = [F : Q] and 1 , . . ., n−1 are generators of the group of all totally positive units of F . The "correction term"
n−1 i=1 a i log p i was also predicted explicitly. The purpose of this part II is to clarify the nature of the p-adic absolute CM-period symbol in the general case.
Let M be a motive over Q. In the complex case, the periods (Deligne's periods [D] ) of M are defined using the comparison isomorphism
in the usual notation. Shimura's period symbol can be interpreted in terms of motives (cf. [Bl1] ). In the p-adic case, the period is defined by the comparison isomorphism
(For the notation, see the text.) We will clarify the relation of our symbol to the p-adic period in this sense.
In §1 ∼ §3, we study the p-adic period of the motive attached to an algebraic Hecke character of a CM-field. In §4, we introduce a certain period invariant Q which is constructed by the action of the Frobenius map on the p-adic period. In §5, we state our main conjecture which relates lg p, K (id, τ) to a Q-invariant. In §6 ∼ §7, we investigate how far we can recover the p-adic period itself from the Q-invariant. In §8, we present some more supporting evidences for our main conjecture. This paper has three appendices in which we give proofs of relevant results as promised in part I.
The authors would like to thank Professor Don Blasius for useful discussions. The authors would like to thank the referee for his careful reading of the manuscript and useful suggestions.
Notation. For a prime number p, Q p denotes an algebraic closure of Q p ; C p denotes the completion of Q p . We fix an algebraic closure Q of Q in C. By an algebraic number field, we understand an algebraic extension of Q of finite degree contained in Q. We denote by ρ the complex conjugation.
Let F be an algebraic number field. The ring of integers and the group of units of F are denoted by O F and E F respectively. We denote by E + F the group of all totally positive units of F . The class number of F is denoted by h F . We denote by J F (resp. J p,F ) the set of all isomorphisms of F into C (resp. C p ). For a prime ideal p of F , F p denotes the completion of F at p. If F is a totally real algebraic number field of degree n, ∞ 1 , . . . , ∞ n denote all archimedean primes of F . For an integral ideal f of F , C f denotes the ideal class group modulo f∞ 1 · · · ∞ n . For a ∈ F , a 0 means that a is totally positive. By a CM-field, we understand a totally imaginary quadratic extension of a totally real algebraic number field. Throughout the paper, except in §8, we exclusively use the left action of Galois groups.
We refer the formulas and statements of Part I by prefixing I to the numbers and labels of them. For example, (I.1.6 ) means the formula (1.6) of Part I, Conjecture I.A means Conjecture A of Part I, etc.
§1. Basic Comparison Isomorphisms
The comparison isomorphisms recalled in this section were conjectured by Fontaine ([Fo1] ). They were established by the work of many mathematicians. See Faltings [Fa] , Tsuji [T] for example. The latter paper gives a very nice exposition on the topic.
Let K be a finite extension of Q p contained in C p . Put G = Gal(K/K). Let B DR and B cris be the rings introduced by Fontaine [Fo1] , [Fo2] ; B DR is a complete discrete valuation field and B cris is a subring of B DR ; by v DR , we denote the discrete valuation of B DR . We have actions of G on B DR and on
Let X be a proper smooth algebraic variety (not necessarily connected) defined over K. It is known that there exists a canonical isomorphism (1.1)
The isomorphism is B DR -linear and compatible with the action of G and filtrations. Taking gr 0 of the filtrations, we obtain the Hodge-Tate decomposition
Suppose that X has good reduction. Let k be the residue field of K and W (k) be the ring of Witt vectors over k. Let K 0 be the quotient field of W (k). Then we have a canonical isomorphism
The isomorphism is B cris -linear and compatible with the action of G and the Frobenius map. More precisely σ ∈ G acts as σ ⊗ σ and 1 ⊗ σ on the left and the right-hand sides respectively. Concerning the Frobenius map, let Φ cris be the Frobenius endomorphism of B cris and Φ be the Frobenius map acting on H n cris (X/W (k)). Then the action of the Frobenius map on the left-hand side is 1 ⊗ Φ cris and Φ ⊗ Φ cris on the right-hand side respectively. In good reduction case,
We have the relation
Here ( It is possible to develop the theory of p-adic CM-periods using abelian varieties with complex multiplication. This approach is especially feasible in the ordinary case. However, in general, the problem of the field of definition will make it very difficult to derive precise results. Therefore it is convenient to consider motives attached to algebraic Hecke characters. In fact, even in the complex case, the precise version of Conjecture I.1.3 (cf. [Y4] , p. 83, Conjecture 3.10) is formulated in relation to such Hecke characters. By a result of Blasius [Bl2] on a p-adic property of Hodge classes on abelian variety, it is legitimate to transfer the results in §1 to CM-motives.
, where Y is a proper smooth algebraic variety over k obtained from X by reduction. By Gillet and Messing [GM] , Corollary B.3.6, H n cris (X/W (k)) together with the action of the Frobenius map does not depend on the choice of Y . 2 The K 0 -structure is defined by the isomorphism of Berthelot-Ogus [BO] :
where Y is the same as in footnote 1.
Let K be a CM-field of degree 2n. Let f be an integral ideal of K. Let χ be a Grössencharacter of K of conductor f such that
Here l σ are integers such that l σ + l σρ is independent of σ and ρ denotes the complex conjugation as before. Put E = Q(χ(a) | a is an integral ideal relatively prime to f),
Then E and E 0 are algebraic number fields of finite degree; we have
There exists a motive M = M (χ) over K with coefficients in E; M is characterized by the property
The motive M has the de Rham realization H DR (M ) which is a free E ⊗ Q Kmodule of rank 1; H DR (M ) has the Hodge filtration {F m } which is a decreasing filtration by E ⊗ Q K-submodules. Let ψ m be the structure function of F m (cf.
[Y1], §2.3); ψ m is a Z-valued function on Gal(Q/Q) which is left invariant under Gal(Q/E) and right invariant under Gal(Q/K). We recall the following characterization of the structure function.
We note that M is of pure weight
Take τ c ∈ J K . By τ c , we regard M as a motive over C. We have the Betti realization H τ c ,B (M ) which is an E-vector space of dimension 1. We have the canonical isomorphism
as free E ⊗ Q Q p -modules of rank 1. Take τ p ∈ J p,K . By τ p , we regard K as a subfield of C p . Let P be the prime ideal of K induced by this embedding. We can transfer the isomorphism (1.1) to this situation and obtain the E ⊗ Q B DR -linear isomorphism
The isomorphism is compatible with the action of Gal(Q p /K P ) and filtrations. Suppose that χ is unramified at P. Then M has the crystalline realization H cris (M ). (In fact, after tensoring with an Artin motive of rank 1 unramified at P, we may assume that M (χ) is realized as a factor of a motive generated by the motives attached to abelian varieties with complex multiplication, which are defined over K and have good reduction at τ p . We construct the category of motives over K using absolute Hodge cycles rational over K. Then Theorem 5.3 of Blasius, [Bl2] implies that an idempotent e in Mor 0 AH (X, X), in the notation of the article of Deligne-Milne in [DMOS] , gives the desired crystalline realization of (X, e). Here X is an abelian variety defined over K and have good reduction at τ p .) Let k be the residue field of K P and K P,0 be the quotient field of W (k). We identify K P,0 with the maximal unramified extension of Q p contained in
The isomorphism is compatible with the action of Gal(Q p /K P ) and the Frobenius map as noted below (1.3). Let f be the degree of P over Q. We have
The relation (2.4) seems to be known to specialists. Since we cannot find a reference, let us give a sketch of the proof. If (2.4) holds for M (χ 1 ) and M (χ 2 ), then it holds for M (χ 1 χ 2 ). Therefore we may assume that the infinity type of χ corresponds to a CM-type Φ of K. Let (K , Φ ) be the reflex of (K, Φ) . We
5 There exists an algebraic Hecke character χ and a Hecke character of finite order ω of
We can choose χ so that it is unramified at the prime divisor lying below P. If (2.4) holds for M (χ ), then we see easily that it also holds for M (χ). Therefore we may assume that (K, Φ) = (K , Φ ), replacing χ by χ if necessary. We apply Shimura [S2] 
Since the crystalline cohomology calculates the zeta function of A correctly, (2.4) holds for
where P is a prime factor of P in L and f L is the relative degree of P over L. By (2.5), we see that Φ ff L acts on the crystalline realization by ψ( P) which can be identified with an element of End (A) . Call it Σ e P . Since (K, Φ) is primitive, Σ e P is rational over L (cf. [S2] , p. 65, Proposition 30). The Frobenius automorphism σ e P also acts on
, where R L/K denotes the restriction of scalars functor of Weil. We regard H 1 (B) as a motive over K with coefficients in E.
. From the endmorphism Σ e P , we can obtain an endomorphism Σ P of H 1 (B) so that the action of σ P on H 1 (B) is given by Σ P for = p. By (2.5), we similarly see that the action of Φ f on H 1 cris (A) is given by Σ P . (To see this, we first note that the case f L = 1 is easy. We may assume that Gal(L/K) is a cyclic extension generated by σ P . By the form of the induced module and using the fact that A is isogenous to σ(A) over L for every σ ∈ Gal(L/K), we see that the action of σ P is given by the action of an (explicitly given) endomorphism Σ P , which is rational over L. We see that Σ P is rational over K using the fact that L is abelian over K. A similar argument applies to the crystalline case with the same Σ P since H cris (B) is the induced module from H cris (A) with respect to the action of Φ f .) Hence we have (2.6)
We have eΣ P = χ(P)e on H 1 (B), which implies
. Now by (2.6) and (2.7), we have
We assume that χ is unramified at P. We assume that
This condition is satisfied if K P = K P,0 . Then we can choose a generator c cris of
and (3.2), we have
In view of this relation, we write P (χ; τ c , τ p ) as P (χ; τ c , τ p ), or for simplicity as P (χ). (The p-adic period in the standard sense is P (χ). We can make B DR descend to B cris , which is a crucial observation since the Frobenius endomorphism Φ cris can act on B cris .) Now we apply the Frobenius map on the both sides of (3.3). We have
Repeating this operation f times and using (2.4), we get
Comparing with (3.3), we obtain
We state two formal consequences of the existence of the motive M (χ). Let χ 1 and χ 2 be Grössencharacters of K of the type (2.1). Let E be an algebraic number field which contains the values of χ 1 and χ 2 . We regard M (χ i ) as a motive over K with coefficients in E.
In this section, we will examine the p-adic period P (χ) in more detail. We fix an embedding Q ⊂ C p . Recall our convention that Q is a subfield of C. Take τ c = id, τ p = id in (3.1). Since Q p ⊂ B DR , we have an isomorphism
We write
according to this decomposition. Take σ ∈ J p,E and s ∈ Gal(Q/Q) such that s|E = σ. By (2.2) and [Y1] , Lemma 2.1, (1), we see that the σ-component of
preserves the filtrations, we have
Therefore we obtain
We put Q = Q (1) . Then we have
Let Q ur p be the maximal unramified extension of Q p and let ϕ ∈ Gal(Q ur p /Q p ) be the absolute Frobenius map. Applying Φ cris on both sides of (4.4) noting that Φ cris acts on K P,0 by the absolute Frobenius map ϕ, we get
Hence we have
Repeating this process, we obtain the relation (4.5)
which can also be derived directly from (4.2). We note that
× which follows from (3.5) (or directly from (2.4)).
§5. The Main Conjecture
Let K, an embedding K ⊂ C p , P and χ be the same as before. We assume that χ is unramified at P. Suppose that the CM-field K is abelian over a totally real number field F as in our construction of lg p,K/F . Using Q (i) , we can predict the nature of lg p,K/F in the general case. Take τ ∈ Gal(K/F ). We have
with respect to this decomposition. Let p be the prime ideal of F lying below P and let f 0 be the degree of p over Q. We take a Hecke character χ of the form
with 1 l ∈ Z. We can take l and χ so that E ⊂ K.
Conjecture Q. We assume (A) and that the prime ideal p is unramified in K. Then we have
Since P (χ) is determined up to multiplication by elements in 
Thus, in this case, Conjecture I.A implies that Conjecture Q holds with an explicitly given term a log p b.
Ogus [O] defined Q (i) using results in Berthelot-Ogus [BO] on crystalline cohomology. According to his results in [O] , we can show that Conjecture Q is true when F = Q and K = Q(ζ n ) with ζ n a primitive nth root of unity, (p, n) = 1. We can apply similar arguments as in [Y4] , Chapter III, §2 as follows. In this Remark, we put
and for an algebraic Hecke character as in Conjecture Q. We define
Here for a ∈ Z/nZ, we denote by a an integer which satisfies 0 ≤ a < n, a ≡ a mod n. We consider the Fermat curve F n : x n + y n = 1 and a in [O] . By Proposition 2.4 in [O] , for a ∈ (Z/nZ) × we have
It gives a p-adic counterpart of (2.3) in [Y4] , Chapter III. It also gives 8.2) ). Therefore we can write
By the same arguments as for (2.5) in [Y4] , Chapter III, we have
Other arguments are the same as for the proof of Theorem 2.6 in [Y4] 
Although we do not give the details here, we can replace mod Q log p Q(ζ n )
Remark 2. In the p-adic case, the nature of lg p,K/F (id, τ) would depend heavily on the choice of F . This is the main difference from the complex case.
Remark 3. Using (3.6), it is easy to see that the left-hand side of Conjecture Q, taken modulo Q log p K × , is independent of the choice of l and χ. §6. Toward the Understanding of the p-Adic Period Conjecture Q in the previous section gives information on the Q-invariant. We will investigate the p-adic period itself in relation to this conjecture. We will see that, in the ordinary case, the p-adic period can be recovered from the Q-invariant modulo Q × p in the next section. Let v be the additive valuation of C p normalized by v(p) = 1. We fix an embedding Q ⊂ C p . Let K be a CM-field and P be the prime ideal of K obtained from the embedding K ⊂ Q ⊂ C p as before. Let e and f be the ramification index and the degree of P over Q respectively. We recall our notations. We take a Hecke character χ of K satisfying (2.1). We assume that χ is unramified at P. The p-adic period P (χ) = P (χ; id, id)
Lemma 6.1. Put G = Gal(Q/Q), H = Gal(Q/K). Let P be the prime divisor of Q induced by the embedding Q ⊂ C p and let Z be the decomposition group of P. For σ ∈ J p,E , we take s ∈ Gal(Q/Q) so that s|E = σ. Then we have
we have
For τ ∈ ZH/H, we have v(τ (α)) = m/e. Hence the assertion follows.
Corollary 1.
If P is of degree 1 and unramified over Q, i.e., e = f = 1, then we have
The assertion is obvious since Z ⊂ H.
Corollary 2. If p splits completely in
Proof. Put H = Gal(Q/E 0 ). Since p splits completely in E 0 , we have
Since the function l is left H -invariant and right H-invariant, we obtain, from (6.1),
This completes the proof. 
We write x ∈ E ⊗ Q Q ur p as x = (x(σ)) σ∈J p,E according to this decomposition. Similarly, since Q ur p ⊂ B cris , we have
We write x ∈ E ⊗ Q B cris as x = (x(σ)) σ∈J p,E according to this decomposition.
Proof. Here we prove only the first assertion. The proof of the second assertion is similar. We write E = Q(θ) and let f (X) be the minimal polynomial of θ over Q. In Q ur p [X], we can decompose f (X) as
For h ∈ Q[X] and a ∈ Q ur p , h(θ) ⊗ a is mapped to (h(σ(θ))a) σ∈J p,E and (1 ⊗ ϕ)(h(θ) ⊗ a) is mapped to (h(σ(θ))ϕ(a)) σ∈J p,E by the isomorphism (6.2). It suffices to prove the relation when x(σ) = h(σ(θ))a, y(σ)
and the proof is complete. Proof. Let F p be an algebraic closure of F p = Z/pZ and let A be the ring of integers of Q ur p . Then (p) is the maximal ideal of A. We fix an isomorphism
). An element of Q ur p can be written as
If we consider the equation ( * ) modulo p, we have
and take γ ∈ F p so that γ = (c/p N ) mod p. The condition that ( * ) holds
This is an equation of Artin-Schreier type with respect to β N and we can find a solution β N ∈ F p . Hence the existence of y follows. The uniqueness assertion is clear. This completes the proof.
Taking the σ-component of (4.4), we obtain (6.4) (Φ cris (P (χ)))(σ)Q(σ) = P (χ)(σ).
Let t ∈ B cris be an element such that Φ cris (t) = pt and that t is a uniformizer of B DR . For σ ∈ J p,E , we take s ∈ Gal(Q/Q) so that s|E = σ. Put
with X(σ) ∈ B cris . By (4.1), we have v DR (X(σ)) = 0. By Lemma 6.2, we have (6.6) (Φ cris (P (χ)))(σ) = Φ cris (X(σ 1 ))p
where s 1 = ϕ −1 s and σ 1 = s 1 |E. By (6.4), we obtain
§7. The Ordinary Case
In [Kat] , Katz defined the ordinarity of a CM-type; the definition is as follows. Take an embedding Q → C p . Let L be a CM-field and Ψ be a CMtype of L. We regard Ψ as a set of isomorphisms of L into Q. If the p-adic valuations obtained from σ : L → C p , τ : L → C p are inequivalent whenever σ ∈ Ψ, τ / ∈ Ψ, we call Ψ ordinary. The following proposition, which seems to be unnoticed before, is easy to prove once formulated.
the reflex of (L, Ψ). Let P be the prime ideal of L induced by the embedding L → Q → C p . Then Ψ is ordinary if and only if P is unramified over Q and the degree of P over Q is 1; Ψ is ordinary for every embedding Q → C p if and only if p splits completely in L .
Proof. Let M be a CM-field which contains L and is normal over Q. We put
Regarding Ψ as a subset of G/H, let S be the full inverse image of Ψ under the canonical map G −→ G/H. We put
By the definition of reflex, we have Gal(M/L ) = H and Ψ consists of the restrictions of elements of S to L . Let P be the prime ideal of M which is induced by the embedding M → Q → C p and let Z be the decomposition group of P. The mapping
gives a bijection between H\G/Z and the prime ideals of L lying over p. For an embedding σ : L → Q, let σ denote its extension to M → Q. We can regard σ as an element of G. Since the prime ideal of L induced by σ is σ
we see that Ψ is ordinary if and only if H σ
τ / ∈ Ψ. This condition can be written as
where ρ denotes the complex conjugation. Since S S ρ = G, (7.1) is equivalent to S Z = S , i.e., Z ⊂ H . The last condition is equivalent to that P is unramified over Q and the degree of P over Q is 1. This proves the first assertion.
The condition that Ψ is ordinary for every embedding Q → C p amounts to that (7.1) holds with gZg −1 in place of Z for every g ∈ G. This is equivalent to gZg −1 ⊂ H and to that p splits completely in L . The proof is now complete.
Remark. In view of this proposition, we see that the ordinarity condition of Katz corresponds to the assumption e = f = 1 in Corollary 1 to Lemma 6.1. The reason is as follows. Let A be an abelian variety of dimension n of CM-type (L, Ψ). Let (L , Ψ ) be the reflex of (L, Ψ). We assume that A and the complex multiplication by L are defined over an algebraic number field k. We have k ⊃ L . Then H 1 (A) determines a motive over k with coefficients in L. For a Hecke character ψ of k of the form
Notice that L plays the role of K here, in our notation of §2. Then Proposition 7.1 says that Ψ is ordinary if and only if e = f = 1 for the prime ideal P(= P ) of K.
Now we assume that P is degree 1 and unramified over Q, i. e., e = f = 1. Since the restriction of the Frobenius map ϕ to Q is contained in H = Gal(Q/K), we have l(s −1 ) = l(s −1 1 ). Hence (6.7) yields
Here s 1 and σ 1 are defined below (6.6). By (4.6), we have Q(σ) = σ(χ(P)). Hence, by Corollary 1 to Lemma 6.1, we have v(p
Then (7.2) can be written as
Proposition 7.2.
Assume that σ 1 = σ. Then, with Y (σ) ∈ Q ur p which satisfies (7.3) and c ∈ Q Remark. The assumption σ 1 = σ is satisfied if p splits completely in E. In the case E = E 0 , this condition is satisfied if p splits completely in K.
Remark. The referee communicated us a more conceptual proof of our results in Sections 6 and 7. Particularly noteworthy is the following result which holds also in the non-ordinary case. When Q(χ) and l are given, P (χ) is characterized up to the multiplication of an element in (E ⊗ Q Q p )
× by the following two conditions.
In this section, we will supply more supporting evidences to Conjecture Q. Let K be a CM-field and χ be a Grössencharacter of K of conductor f which satisfies (2.1). Let M = M (χ) be the motive attached to χ. For τ ∈ J E , we define a Grössencharacter τ (χ) by
where a is a fractional ideal relatively prime to f. Let τ (M ) = M (τ (χ)) be the motive attached to τ (χ); τ (M ) is a motive over K with coefficients in τ (E). For realizations, we have
where * stands for Betti, p-adic, de Rham and crystalline. In this identification, the τ (E)-module structure on H * (τ (M )) is given by
As in §4, we fix an embedding Q ⊂ Q p and define the prime ideal P of K and the periods P (χ) and P (τ (χ)) using this embedding. If
For σ ∈ J p,E , we have
We assume that χ is unramified at P. Let
× denote the quantity defined by (4.2) using the motive M (χ). By the same reasoning as above, we have
Here the σ-component Q (i) (χ)(σ) is defined as in the beginning of §5.
Now assume that a CM-field K is an abelian extension of a totally real field F . For τ ∈ Gal(K/F ), we take a Hecke character χ of the form
We have E 0 ⊂ K. Taking a power of χ if necessary, we assume that E = K. Let V denote the Q-subspace of C p generated by the elements of the form a log p b, a ∈ Q, b ∈ K × . With this notation, assuming that p is unramified in K, Conjecture Q states
For σ ∈ Gal(K/F ), apply Conjecture Q to σ(χ) and use (8.2). Then we obtain 
be the degree of p 1 (resp. p) over Q and put d = f 1 /f 0 . We assume that p is unramified in K and put σ = (
Proof. The automorphism σ gives a generator of Gal(K P /F p ), which can be extended to an element of Gal(Q p /F P ) denoted also by σ. By (4.5), we have
Take τ ∈ Gal(K/F 1 ). By (8.3) and (8.4), we obtain
, σ is continuous and V is stable under σ, the latter formula implies
As σ is continuous, the asserted formula follows from (8.5).
We are going to prove the relation of Proposition 8.1 in a certain special case. Let F be a totally real algebraic number field. Let q 0 (F ) be the product of all prime ideals which divide p. We put q(F ) = q 0 (F ) if p = 2, q(F ) = (2)q 0 (F ) if p = 2. Put q = q(F ). Let f be an integral ideal of F and χ be a character of C f . Let f(χ) be the finite part of the conductor of χ. Let ω be the Teichmüller character of F (cf. I, §2). We regard ωχ as a character of C f(χ)q . Let {C j } j∈J be a cone decomposition (cf. I, §1) and {a μ } h 0 μ=1 be a complete set of representatives of the narrow ideal classes of F . By (I.2.16 ) and Theorem I.3.1, we have
We assume that χ is primitive, i.e., f = f(χ). We recall the fact that χ(l) = 0 if and only if l divides f(χ), where l is a prime ideal of F . By (I.2.17), we have
Here l extends over all prime ideals of F which divide q. We put
Assume that χ is totally odd. Then a conjecture of Gross states that r * p (χ) = r p (χ). By (8.7), we see that r * p (χ) = 0 if and only if r p (χ) = 0. We showed that r * p (χ) 2 if r p (χ) 2 (cf. Corollary 2 to Theorem I.6.5). Hence r p (χ) = 1 if r * p (χ) = 1.
Let V F be the Q-subspace of C p generated by the elements of the form log p a, a ∈ F × . For x, y ∈ C p , we define
More generally suppose that x = x(χ) and y = y(χ) ∈ C p be the quantities which depend on the character χ of an ideal class group of F . Let Q(χ) be the field generated by all the values of χ over Q. We write
every α ∈ Gal(Q/Q). Now we assume that F is normal over Q. For σ ∈ J F and a character χ of C f(χ) as above, we define a character χ σ of C f(χ) σ by
We have f(χ σ ) = f(χ) σ . By (8.6), we obtain
Since F is normal over Q, we have
by Lemma I.3.3, Cor. to Lemma I.3.4, Cor. to Lemma I.3.5 and (I.3.12) . Therefore (8.6) can be written as
By Lemma I.5.4, Cor. to Lemma I.3.4, Cor. to Lemma I.3.5 and (I.3 .12), we have
Now let F , F 1 and K be as in Proposition 8.1. We put
Take ψ ∈ H − . We have
L(s, χ).
By the interpolation property of the p-adic L-function (cf. (I.2.17)), we see that
holds in a neighbourhood of s = 0 (if p = 2, (8.11) holds for all s ∈ Z p ).
To derive the relation of Proposition 8.1 from (8.11), we make the following assumptions.
(I) All of F , F 1 and K are normal over Q.
Let γ be a conjugacy class of Gal(K/Q) such that γ ⊂ Gal(K/F 1 ). We abbreviate X p (c; {C j }, a μ ) to X p (c).
First we assume ψ ∈ ( H − ) 0 . By (8.11), we see that r * p (χ) = 0 if χ ∈ G − satisfies χ|H = ψ; we also have
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Applying (8.7) and (8.9) to this equality, we obtain 6 (8.12)
Here we use the same letter σ to its extension to J F 1 . By the assumption (III), ψ σ (p 1 ) does not depend on σ ∈ J F 1 . Therefore, from (8.12), we have (8.13)
Now multiply both sides of (8.13) by τ ∈γ ψ(τ ) and take the sum over ψ ∈
From the left-hand side we get
From the right-hand side, we get
Therefore we obtain (8.14)
1 |H|
Here ( G − ) 0 denotes the subset of ( G − ) 0 consisting of χ such that χ|H ∈ ( H − ) 0 . Next let us consider the case where ψ ∈ ( H − ) 1 . Put
By (8.11), we have
Hence there exists an i 0 , 1
We put χ = χ 1 . Differentiating (8.15) at s = 0, we obtain
Applying (8.9) to this equation, we obtain
By the assumptions (I) and (III), we have ψ(p 1 ) = ψ(p σ 1 ) for every σ ∈ J F 1 . By the assumption (II), we see that ψ(p 1 ) = 1 and that the prime factor of p in F 1 is unique. Hence the prime factor of p in F is also unique. Now dividing both sides by L(0, ψ) = m i=1 L(0, χ i ) and noting the relation (8.7), we obtain
In two formulas below and in (8.17), we regard the quantities depending on ψ are 0, if
This formula is similar to (8.12). In the above, we defined a mapping
It is easy to see that this mapping is bijective. Now multiplying both sides of (8.17) by τ ∈γ ψ(τ ) and taking the sum over ψ ∈ ( H − ) 1 , we obtain
Note that Hence in (8.14) , ( G − ) 0 can be replaced by ( G − ) 0 . By (8.14) and (8.18), we obtain the following proposition.
Proposition 8.2.
Let F , F 1 and K be the same as in Proposition 8.1. We assume that the conditions (I), (II), (III) and (IV) hold. Let γ be a conjugacy class of Gal(K/Q) which is contained in Gal(K/F 1 ). Put σ = (
Corollary. If τ ∈ Gal(K/F 1 ) belongs to the center of Gal(K/Q), then we have
Remark. Taking account of the facts given below (8.7), we can weaken the assumption (II) to that r p (ψ) 1 for every ψ ∈ H − . The proof is essentially the same.
The next proposition, which is much easier to prove, gives another functorial property of our symbol.
Proposition 8.3.
Let K be a CM-field which is an abelian extension of a totally real field
Then we have
Proof. Put
By the definition of the symbol, we have
is trivial, we can regard χ as a character of G 0 and we have
Hence the asserted formula follows.
We will show that Conjecture Q is consistent with this proposition. Let ψ 0 be a Grössencharacter of K 0 of conductor f 0 which satisfies
Then Conjecture Q states
Here V is the same as in (8.3). Put
with an ideal f of K. In view of (3.6), Conjecture Q asserts
By (3.7), we have
Hence Conjecture Q is consistent with Proposition 8.3.
Appendix I
Let F be a totally real algebraic number field of degree n. Let f be an integral ideal of F and take a class c ∈ C f . Let
be a cone decomposition. Take a μ so that a μ f and c belong to the same narrow ideal class. Let V (c) = V (c; {C j }, a μ ) be the quantity defined by (I.1.6). The purpose of this appendix is to prove:
Proof. If the theorem holds for one choice of {C j } j∈J and a μ , it holds for all other choices (cf. (I.3.10) , (I.3.11) , (I.3.12) and [Y4] , Chapter III, Lemma 3.13). More precisely, if {D l } l∈L is a cone decomposition and a μ is an integral ideal such that a μ f and c belong to the same narrow ideal class, then we have
Hence we may assume that a μ is relatively prime to f. We are going to apply (2) when a μ is not an integral ideal. Hence some explanations are called for. Let J F = {σ 1 , . . . , σ n } and put
We choose σ 1 = id. We define zeta functions of cones by By the generalized Dirichlet theorem, we can take
is a prime ideal of degree 1 which does not divide a μ f and any v ji , j ∈ J, 1 i r(j). We put b = N (β). Now we consider the quantity
Here bC j = C j as a cone but we use the expression bC j = C (bv j1 , . . . , bv jr(j) ). In view of (2), it suffices to show
Let us write the formula (I.1.6) for V (c).
Here l = (l 1 , l 2 , . . . , l r(j) ) extends over all r(j)-tuples of nonnegative integers such that
R (bC j , c) is R(C j , c) with bC j in place of C j and a μ (β) −1 in place of a μ .
Compare with the definition (I.4.1) and notice that c∈C f(χ)p in (I.4.1) is replaced by c∈C f(χ) . The previous symbol lg p,K (id, τ) defined by (I.4 .1) will be denoted by lg (A) p,K (id, τ) in this appendix. Conjecture B. Let F and K be as above. Let p and P be prime ideals of F and K respectively, which are obtained from the embeddings
If p splits completely in K and if p does not divide a μ for 1 μ h 0 , then we have
We are going to transform Conjecture I.A to equivalent statements which will eventually lead to Conjecture B. Let χ ∈ G − . We put
We regard χ as a character of C f(χ) . We put f = f(χ for c ∈ C f . Here the index μ is chosen so that c and a μ fp belong to the same narrow ideal class and p denotes the class of p in C f . Taking the sum over c noting that χ(p) = 1, we obtain Hereafter we assume that p does not divide a μ for 1 μ h 0 . We need the following Lemma.
Lemma. Let σ ∈ J F and define a prime ideal p σ of F as in the beginning of §3 of part I. We assume p σ a μ f. Take a positive integer e so that Let ϕ : C f(α) −→ C f be the canonical map. Then, for c ∈ C f , we have
Proof. Similarly to (I.3 .15), we put R(αC j , c; a μ ) σ = {z ∈ R(αC j , c; a μ ) | p σ (z)}.
Take c ∈ C f and put ϕ −1 (c) = 
We consider the last term in (6). For W (c; a μ ) (resp. W (c; a μ p −1 )), c and a μ f (resp. a μ p −1 f) belong to the same narrow ideal class. We find 
